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We consider the following incompressible stochastic Navier-Stokes Equation in two dimensions.

(7(1,6) — AZ(1,€) + (2(1,€) - V) Z(1,€) + grad p(t,€) = F(£,€) + W(t,€) on [0,T] x D
Z(t,&) =0 on[0,T] x 0D
divZ(t,§) =0 on [0,7] x D

Z(0,8) = 2(§) on D,

where D C R? is bounded, open and connected with smooth boundary dD. In the physics context, the function Z: [0, T x
D — R? represents the unknown velocity of some fluid, and p: [0,7] x D — R is the pressure, which is also unknown but

can be determined by Z. Thus, it suffices to solve for Z and the pair (Z,p) of solutions then follows. For z: D — R?, its
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kinetic energy and enstrophy are defined by

corresponding to £2-norm and H'-norm respectively.

1 Function Spaces and Operators

We need to specify in what space we are seeking a solution. This section begins with some steady (time-independent)
function spaces, studies some operators defined on them, and moves on to (time-dependent) process spaces. We introduce

function spaces as follows.
0 dive0 = {z e C™(D; R2)‘ z is compactly supported, div z = 0} ,
2
H := the closure of C5%;,_ in L*(D;R?), (z,w)y = Z/ ziw; d€,

0z; Gwz
¢; 85 j

V' := the closure of Cg;,—g in HY(D;R?), Z /

Now, we want to drop the term gradp in @) so that the equation would only concern about Z. This can be done by

the Helmholtz-Leray decomposition.



Proposition 1 (Helmholtz-Leray decomposition). The space £2(D;R?) admits the decomposition L*(D;R?*) = H & H*,
and
H={z€eL*(D;R*)|divz=0,z-n|sp =0},
Ht = {z € £2(D;]R2)‘ z=gradp,p € H'(D;R)}.

The intuition of this decomposition is that every vector field consists of a conservative part and a non-conservative part.

The conservative part is of the gradient form, say grad p, so we hope, for z € C°(D;R?), there holds
z=gradp+w and (gradp,w), =0.

From integration by part, we obtain divw = 0, which is a characterization for the non-conservative part.

Proof. We first show H* = {z € L*(D;R?)| z = gradp,p € H'(D;R)}. For z €“RHS”, we compute, for any w € C§%;,—q,

(z,w}LQ—/gradp-wdﬁ——/pdivw—O,
D D

so z € H*. Conversely, if z € Ht, we need to find some p € H'(D;R) such that z = gradp in £3(D;R?). The existence
of p can be shown by de Rham’s current theory, see Theorem 17’ on page 95 in [6]. A constructive but elementary proof
is given in [§], or see Appendix @ for detailed account.

Next, we show H = {z € L*(D;R?)|divz =0,z -n|yp = 0}. If z € H, there exists a sequence {z,} C C§%;,—, such
that z, — z in £L*(D;R?). For p € C§°(D;R), we have

(divz)(p) = — (2, gradp) » = — lim (z,,gradp) . = lim (div z,,p) 2 = 0,
—00

n n—oo

so divz = 0 in the distributional sense. It remains to show z - n|sp = 0. If z € £L2(D;R?) and if divz € L%(D;R), z - nlsp

as a distribution acts on ¢ € C§°(0D;R) by
(z-mlop) (¢) == (div z,p) so + (2, gradp) > for some p € H'(D;R) with p|op = ¢.
See Theorem 1.2 on page 7 in [[7] for more on definition of z - n|sp or see Appendix E It follows

(z-nlop)(¢) = lim ((div 2,,p) p2 + (20, gradp) ») =0

n—oo

and z - n|pp = 0. To show the converse, we suppose z € HTN“RHS” and hope z = 0. By the previous arguement,

z = grad p for some p € H'(D;R). Then we obtain a Poisson equation in p.
Ap=divz =0
)op =z-nlpp =0
This gives p = const and z = 0. [

Also, we have a similar result for the space V', but notice a different boundary feature as depicted below.

Proposition 2.

V={zeH(D;R?*)|divz=0,z[sp =0}.



Why we have z|sp = 0 in V but merely z-n|sp = 0 in H? Intuitively, this is because we have the trace operator in H!

extracting boundary values, while there is no such a counterpart in £2.

Proof. For z € V, there exists a sequence {z,} C C§%;,—o such that z, — z in H'(D;RR?). We have

divz = lim divz, =0 in £*(D;R),

n—o0

zlop = lim 2,]sp =0 in £L*(0D,R?).
n—oo

If z € VIN“RHS?, it is then obvious z € H, so we only need to show z € H+. For any w € Codiv=0>

0z; Ow; 0*w;
0= 2/6@8@ 6= = G a6 = = (e e

,j=1 ,j=1

For any w € CfY;,—, the Poisson equation

Aw =w
wlap =0
has a unique solution w € Cg;,—g, SO (2,0) > =0and z € H*. [l

Let Py be the projection onto H in £2(D;R?) and define
A= —PyA, D(A) = H*(D;R*) N V.

Then A maps D(A) into H, and actually, we can go further to see A is bijective from D(A) to H. Let w € H and we
want to find some z € D(A) such that —PgAz = w. That is to say there exist z € D(A) and p € H'(D;R) satisfying

—Az + grad p = w. This reduces to a steady-state Stokes equation.

(

—Az+gradp =w

§divz =0

Z|3D = 0
\
By the Riesz representation theorem, it has a unique solution z € V' such that
(z,v), = (w,v),; forallvelV.

A regularity result gives 2 € H?*(D;R?) and this implies A is a bijection. See Section 1.2 of [[7] for steady-state Stokes

equations and a regularity discussion is presented in Appedix B Moreover, A is positive and symmetric.

(Az,2)y = (w,2) y = (2,2),, >0, “="holds if and only if ||z, =0

(Az1, 29) = (w1, 22) g = (21, 22) = (21, A2o)

We observe A~! maps H onto D(A) and D(A) can be compactly embedded back into H, so A~! is a self-ajoint compact

operator on H. There exists an orthonormal basis {ux} C H consisting of eigenvectors of A with

Auk. = /\kuk, Ap > 0, Ak T +00.



For s € [0, 1], we can define interpolation spaces between H and V' by

V% .= D(A%) = {z cH

Z M (2, ukﬁ{ < oo} , (2, W) 05 1= Z Mz ug) gy (W, ug) g -

k=1 k

1

In particular, when s = 7,

Z)\k (z,uk Z 2, AUk) gy (2, up) p = Z 2, Aug) gy (2, uk) gy = Z (Az,ug) gy (2 uk) g = (A2, 2) y = HzH%/,
k k

k k

so we have V = D(AY?). The definition of V?* extends to all s € R and the following is an interpolation inequality for
V2,

Proposition 3. Suppose s1 < s < sy, 0 <0 <1 and s =60sy + (1 —0)sy. Then

l2llyze < Nzl I2lvass -

e < Clzll%e 112llhes. And actually, V' is

This is similar to the interpolation inequality for Sobolev spaces H?, ||z|

continuously embedded into H?%.

Proof.

HM%ZE}?%W%

_ Z )\2051 A2(1 0)s2 <Z7 uk>§{(1—9)
o 1 1
281 282 o — 1
<Z A (z, ug) > (Z A2 (z, ug) ) (1/9 + —1/(1 —)
= (|13, 112155"

Now we introduce some process spaces that play a role in the sequel.
E = £*0,T; LY D;R?)),
HY0,T;V; V) = {2 € L2(0,T;V) |2 € £L2(0, T; V1) },
(z,0) vy = (2 W) 20 vy T (W) 2001 »
Cox(0,T;H) :={2:[0,T] = H |t — (2(t), w) is continuous for any w € H },
Corc(0,T; V1) = {z: 0,7 — V1

= (2(t), W)y -1y 18 continuous for any w € V} :

The subscript “wk” means being continuous w.r.t. the weak topology or being weakly continuous.

Proposition 4 (£>(0,7; H) N L%(0,T;V) C E). The space £>(0,T; H) N L*(0,T;V) is continuously embedded into E.
Proof. Let z € £L>(0,T; H) N L0, T;V).

2]l 2o < Cll2ll /2 (H'? is embedded into £*)

<C|= Hl/Z IE3 Hl/Z (interpolation for H?)



<Oz 1=l 2)

o1 = N ) "
<o ([ 1= =ik a)

1/2 1/2
< C N2 o 121 oo vy

<C (HZch(o,T;H) + HZH£2(0,T;V)) .

1/4

]

Proposition 5 (H'(0,7;V; V1) c C(0,T; H) N L*(0,T;V)). The space H*(0,T;V;V 1) is continuously embedded into
C(0,T; H)N L2(0,T;V).

Proof. For z € H(0,T;V; V1), it is obvious z € £2(0,T;V) by definition and it suffices to show 2z € C(0,T; H). Before
reaching there, the first step is to show z € £>(0,7T; H). By basic calculus, we have

t
12117 = N=()7 + 2/ (2(r), 2(r)) dr < |12(s)Il7 + 121l o v -

Integrate s on [0,7] and we obtain

SUP [zl <C HZHHl(O,T;V;V*l) :
te(0,T

This means z € £>(0,7; H) and it remains to show z is continuous in H.

Actually, we can show z is weakly continuous in H, i.e. 2 € Cy(0,T; H). As a primitive function of 2 € £2(0,T;V 1),
z is continuous in V', In particular, for any w € V, t = (z(t), w) 1, is continuous, so z € Cy (0,75 V"), A nontrivial
result that £2(0,T; H) N Cy (0, T; V™) = Coi (0, T; H) gives z € Cyi(0,T; H). For a proof of this nontrivial result, see
Lemma 1.4 on page 178 in [[7] or Appendix E An alternative proof of this proposition, but in a more general form, is given
by Theorem 3.1 on page 19 in [3] and does not use £L2(0,T; H) N Cyi(0,T5; V1) = Co(0, T H).

Now that z € Cy(0,7T; H), when s — ¢, we have

12(s) = 2Ol = 1)1 + 12O — 2 (2(s), 2(8)) 5 = 0,

by continuity of s — ||z(s)||3, and continuity of s — (2(s), 2(t)) . O

2 Existence and Uniqueness of Solutions by Fixed-Point Iteration

Apply Py on both sides of the equation @) and let grad p absorb the gradient part of f. We obtain

Z(t)+AZ(t) + Py(Z(t)-V)Z(t) = f(t) + Wo(t), t€][0,T]
Z(0) =z € H,

where Wy is a ()-Weiner process in H with @) of trace class. The term Py(Z - V)Z is still arguable, and to make sense of
it, we define a multi-linear form b: V' x V x V — R by
b(u,v,w) = ((u-V)v,w), Z/uav]wdﬁ
s Uy T i agl j

i,7=1



Then we have
b(u,v,w) = —b(u,w,v), blu,v,v)=0 (integration by part)

b(w, v, w)| < Cu|| g |v]]y |w]] 24 (Holder’s inequality).

Denote V™! the dual space of V, and for z € V, the functional w +— b(z, z,w) is in V~'. Hence, Py(z-V)z = (- V)z in

V~1 and this gives rise to
Z(t)+ AZ{t) + (Z(t) - V)Z(t) = f(t) + Wo(t), t€]0,T]
Z(0) =z € H.

The equality is interpreted in V! as follows.

Definition 6. Given z € H and f € £L2(0,T;V ™), a stochastic process Z € C(0,T; H) N L2(0,T;V) is called a pathwise
weak solution of the equation (B) if

(Z(8), w), +/0 (Z(s), w), ds +/O b(Z(s), Z(s),w) ds = (,w),, +/0 (), Whyor y ds + (W (L), w)
forallw €V and all t € [0,T] a.s.

We will show existence and uniqueness in the space £, and to this end, first notice the map B: V — V=1 2 —
b(z, z,), can extend continuously to £*(D;R?) — V1 2+ —b(z,, 2), and to £ — L2(0,T; V1), 2(t) = —b(2(t), -, 2(t)),
by involving time. Next, we shall reduce the equation (H) to a deterministic one whose coefficients, nonetheless, have
randomness due to an Ornstein-Uhlenbeck process.

Define

S(t) = e, X(t) = / S — ) dWals), Y1) = Z(t) — X(t).
0

Then we can check X € E a.s. and obtain the following deterministic equation,

Y(t) = —AY(t) — B(Y(t) + X(t)) + f(t), t€][0,T]
Y(0)==z¢€ H.

Let {v;} C H be the orthonormal basis consisting of eigenvectors of ) with
oo
Qvl:o-?vla gy Zoa ZUZQ < o0,
I=1

and Wg admits a representation
Wo(t) = aBi(t)u,
=1

where {;} is an independent sequence of R-valued Weiner processes. We compute

X(t) = Z /t e =945, dsi(s)y
T~ Jo

t
=3 [ P i) (g
ki 70

IX ()5 = Z (Z/o e Mgy (v, ug) dﬁz@)) )
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t
EIXO =3 [ e s
k)

1—e —2t A

2
—Z 07 (v, uk)

E SUP IX(@®)|5 < AE HX(T)HH < 00 (Doob’s LP inequality),

te0,T

‘ 2
X =3 (2 [t <w,uk>Hdﬁl<s>> ,
EIXOI =3 A [ e gy as

72t)\k

- Z ,Ulauk>§{
< Z QUk,Uk
g 2
B [ IXOI < TS 5 (Quw)y < o
0 k

so it gives X € L>(0,T; H) N £L*(0,T;V) C E as.

Moreover, the integral form of (@) is

_ S(t)z—/o S(t— 5) [BY(s) + X(s)) — f(s)] ds.

To apply the fixed-point method to show existence, we need to play with F': £2(0,T;V
t
£) s / S(t— s)y(s) ds
0
To see F' is well-defined, we need to check z(t) = f(f S(t—s)y(s)ds € E.

2(t) = —Az(t) +y(t), =2(0)=0
(2(1), Z(t»vfly = — (Az(), z(t»vfl,v + (y(t), Z(t)>v71,v
L (0l = ~ 12O + (w0,

01 + /H HVdS—/H) 2())yory ds

< / ()l [12(s) ], s

1 [t ) 1 [t )
<o [ MBaas 3 [ ) s
0 0
t t
SO + / ()13 ds < / ()13 ds.

(5)
1 — F defined by
(acting on z)
t
(operated by / -+ ds)
0
(6)

This means ||2| oo (g 7 H)+ 2]l 220 vy < CllYll 20 7.v-1) and 2 € E. We now can examine the composition F := Fo (B — f)

from F into itself, z(t) — fo (t —s)[B(z(s)) — f(s)] ds. The following result is a basic tool when looking for a fixed point

later.



Lemma 7. There is a constant M independent of T such that
[Fz = Fullp < M(||zll g + [wllg) 1z —wllg -
Proof. For z,w € E and v € V, we have

(Bz — Bw)(v) = —=b(z,v,2) + b(w, v, w)
:%:(/ww]aédf /212]8& )

Jv;
= E wiw; — wiz; + wiz — 2i2) == d
~ /D( J j j j)(‘?& §

:il)wi(wj 8Ujd§+2/ zjaﬂdg

(B2 - Bu)(w)| < € (Jwll s 12 = wl o [olly + 12l 12 = wll s el (Holder's inequality)

= Clllzll s + llwllzo) 1z = wllza flvlly
1/2

T
2
18~ Bullermn < [ [ Uales+ ullo? o~ wlia]

< Cllzllg + llwlip) Iz = wllg (Cauchy’s inequality).

For z,y € £L2(0,T; V'), we combine Proposition @ and (B) to see

| Fx — FyHE <C(|1F(x — Z/)ch(o,T;H) + [|[F(z — y)HL?(O,T;V)) <Cllx— y”/;?(O,T;V*) :
It follows ||Fz — Fw| g = [[(F o B)z — (F o B)w|p < C|[Bz = Bwl| g2 g1y < Clllzll g + [0l ) |2 — w] - B
Then consider the fixed-point problem:
y=28z—F(y+X).

Define
Yo = Sz — F(X), Y1 =Sz — F(yn + X), neN,

and we see

[Ynt1 = Ynll oz = [1F (Y + X) = Fynr + X)llp < M(llyn + Xl + g+ X 2) 190 = vnalls-

Thus, we hope ||y, + X||z + [|[yn-1 + X|| 5 < M to make the sequence {y,} converge.

2M

Theorem 8 (local existence and uniqueness). For any initial condition z € H, and for any f € L2(0,T; V1), there exists

a random variable T € (0,T] a.s. such that the equation (Q) has a unique mild solution Y on the time interval [0, 7].

Proof. Choose T > 0 small enough such that [|yo||; + || X |z < g57. Then

1
11 = woll 2 < Mllyo + Xl g + [1X15) lyoll 2 < 5 19ollz

1 1
i+ Xl < oo+ Xl s~ < g7 (143
By induction, we have ||y, + X||p < 557 > r-027" < 757 and [[Yns1 — Unllp < 3 |Yn — Yn-1]l for all n. The sequence {y,}

converges to some y € E and y = Sz — F(y + X). This fixed point y is unique in the case of ||y + X ||, < O

L
4M -
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Global existence and uniqueness are a consequence of the following a priori estimates.

Proposition 9 (a priori estimates). Assume y € E is a mild solution of (Q) with initial condition z € H. Then we have

sup [ly(®)|[5; < eI IXOeadr 2% +C/ eCLIXONd™ (X (s) [ + | F(5)]F-) ds

te€[0,T)

/0 ly(@)II5 dt < ||zl +C sup. ly(s )||?{/0 HX(S)HZdSJrC/O (X (s + 1/ (5)II5-1) ds

s€[0,T

Assume y1,yo € E are mild solutions of (Q ) corresponding to initial conditons z1,zo € H respectively. Then

T 4

t€[0,T]
’ 2 2 2 r 4 4
/0 [91(t) = g2(D)[ly dt < |21 — 22l + C sup, ly1(s) — y2(S)||H/O (ly(s) + w2(s)l[za + [ X (5)[[za) ds
se|0,
Proof. We begin with
y+Ay=-Bly+X)+f
1d .
S0 W+ WYy =0y + X0,y +X)+{f,y)py (acting on y)
=b(y,y, X) +b(X,y, X) + (£, )y (linearity and b(u,v,v) = 0)
< C Nyl e lylly 11X 2s + Cllylly 11X 1zs + 1y lylly (Holder’s inequality)

< Clyl Iyl 1 X e + C lyly IX 12+ 1l llylly (invoke ()
sﬁw@+cm%ww;+%MM+cww;

45 Iyl + C A1 (Young’s inequality)
=3M@+0M%WWZ+CWWZ+CW%4

Integrating both sides on the time interval [0,¢] gives

||y(7f)||ir+/O ly(s)lly ds < ||z||§,+0/0 (ly ()17 12X ()l 2o+ 12X (8) 2o+ 1S (5)I15-1) ds,

and the estimates of y follows from Gronwall’s inequality. In a similar manner, the estimates of y; — y» come from

1d
2dt

=b(yr + X,y1 — Y2, 1 + X) = by + X, 91 — y2, 2 + X)

|y — yz”?{ + |lyn — yz”%/

= %b(m — Y2, Y1 — Y2, Y1 + Y2) + 0(y1 — y2,y1 — y2, X)

< Cllyr = wallga llvr = wellv 1y + vallza + Cllvr — wallza llvr = w2lly (X 24

<mM—mwwm—mWnm+wm+cm_wm”mewWﬂwm4
Z lyr = wolly + Cllyr = wall 11 + woll e + 5 ||y1 = wlly + Cllyr = wall 7 X |2

2 ||y1 wallt + C llyr — vl 1y + v2llzs + C llyr — a2l 11X 1 s

namely,

a0 yQHHb/ml y2wvs<m—@m+cfum )= o) (lyn(s) + wa(s)ll % + X ()[4) d

(7)

(8)

(10)



Theorem 10 (global existence and uiqueness). For any initial condition z € H, and for any f € L*(0,T;V™'), there

exists a unique weak solution Z of the equation (B) a.s. and the solution depends continuously on z a.s.

Proof. The estimates in Proposition E gives Z € L=(0,T; H) N £L%(0,T;V) exists, is unique and depends continuously on
z. Due to the integral equation (B) that Z satisfies, we have Z € C'(0,T; H). ]

3 Existence and Uniqueness of Solutions by Galerkin’s Approximation

In this section, we prove existence and uniqueness of solutions by Galerkin’s approximation. Technically, it invloves
approximation of solutions in finite but increasing dimensions and passing to the limit in an infinite-dimensional space.
Instead of working in E, we will focus on the space H'(0,T;V; V™) in this case.

As done before, we split the equation (H) into an Ornstein-Uhlenbeck process and a deterministic equation with random

coefficients.
(X(t) = —AX(t) + Wp(t), te[0,T]
| X(0) = 0.
(Y(t) =—AY(t) - B(Y(t) + X(t)) + f(t), t€][0,T] a
Y(0)=~2¢€ H.

\
Now we approximate Y in finite-dimensional spaces. Recall {u} is an orthonormal basis in H, consisting of eigenvectors

of A. Suppose Y;,(t) = >, Ymx(t)ug and consider the following equation.

Yiu(t) = =AY, (t) — B(Y,u(t) + X)) + f(t), t€][0,T]

Yin(0) = 2252y (25 un) gy e

Both sides act on ug, k =1,2,...,m, and we obtain a system of ODEs.

.

Yk (8) = =AYk (£) = D552 0(was g Wk ) Yom,i () Y (8) — D230 blws, X (#), wpe) v, (F)

— Z;”zl O(X (1), wj, ur) v, (t) — (X (1), X (1), ur) + (f(1),ur) -1y, tE€[0,T], k=1,2,....m

\fym7k<0):<z7uk>H7 k:1’2,...,m

Then there is a random variable 7 € (0,7] a.s. such that v, %, & = 1,2,...,m, exist on the time interval [0,7]. By
establishing a priori estimates on Y, in the same manner of (H)(B) in Propostion g, we see each Y, does not blow up and
exists on the whole interval [0, 7). Moreover, the sequence {Y;,} is bounded in H'(0,7;V;V~!). By passing to a weakly
convergent subsequence, we may assume {Y,,} weakly converges to Y in H'(0,T;V;V~!) and want to show the weak limit
Y is a solution of (@)

Fix k, and for all m > k, we have

/Ot <Ym(s),uk>vwds:—/ot <Ym(s),uk>vds—/Otb(Ym(s)—|—X(s),Ym(s)+X(s),uk)ds—|—/0t (), ua)ys y ds (1)

for all t € [0, 7] a.s. From weak convergence of {Y;,}, when m — oo, it follows

/Ot <Ym<$)’Uk>V—1,V ds — /Ot <Y(S)’Uk>v—l,v ds,
10



/Ot (Yin(s), ur)y ds — /Ot (Y(8),up)y ds.

But how about f(f b(Yy(s) + X(5),Ym(s) + X(s),ux)ds as m — o00? Actually, since H'(0,7;V;V 1) is continuously
embedded into £ by combining Proposition @ and Proposition B, and since the map B: E — L£2(0,T;V™Y), 2(t) —
—b(2(t), -, 2(t)), is continuous, we can pass to a further subsequence {B(Y,, + X)} weakly converging to Y. Thanks to the
bilinear structure behind B, the weak limit Y is exactly B(Y 4+ X). On the one hand,

Y, — Y weakly in £2(0,T;V) = Y, — Y strongly in £*(0,T; H) C £*([0,T] x D;R?).
On the other hand,
Y, = Y weakly in £2(0,T;V) = VY, = VY weakly in £*(0,T; £*(D;R?)) C L£*([0,T] x D;R?).

It follows
(Y - V)Y, — (Y - V)Y weakly in £1([0,7] x D;R?).

By uniqueness of limit in the distribution space on [0, 7] x D, we obtain Y = [(Y + X) - V](Y + X) = B(Y + X). That is
to say

/0 b(Yin(s) + X(s), Yiu(s) + X (s),ug) ds — /0 b(Y(s)+ X(s),Y(s)+ X(s),ur)ds asm — 0.

Passing to the limit on both sides of (@) gives

(Y (), i) gy — (2 )y = /Ot <Y(s),uk> ds

:_/o (Y(S),uk>vd8—/0 b(Y(S)+X(s),Y(s)+X(s),uk)ds+/0 (f(8),ur)y 1y ds

for all ¢ € [0, T] a.s. Note that the linear span of {u} is dense in V', so Y is a pathwise weak solution.

Uniqueness in H*(0,T;V; V1) follows from the estimates (@) (@)

4 Existence of Invariant Measures by Krylov-Bogoliubov Arguement

Let (P,,t > 0) be the Markov semigroup on H associated to the equation (E) We show existence of invariant measures
for P, in this section, namely there is some p € P(H) such that Py = u for all t > 0. Also, we derive several moment
estimates for invariant measures along the way. First recall the Krylov-Bogoliubov theorem and see Chapter 3 of [4] for a

proof.
Theorem 11 (Krylov-Bogoliubov). Assume (P;)i>o is a Feller semigroup. For v € P(H), define
1 [ 1 [
(D) = —/ Py(l)ds = —/ / Py(z,T")v(dz) ds.
t Jo tJo Ju
If some sequence {1y, } converges weakly to u, then u is an invariant measure for P;.

By this arguement, we may set v = §y and want to find a weakly convergent subsequence of 7;, which can be achieved

by tightness. That is to say, for any € > 0, we need to find a compact set I'. C H such that
n(H\T.) <e forallt>0.
Notice V' is compactly embedded in H, a natural way is to take I'. as closed balls By (0, R) in V.

11



Theorem 12 (existence of invariant measures). Let f € V! be constant.

measure.

Proof. Let v = §y and we observe

3
=
Z
!
T

7y(T) = % /0 P,(0,T)ds = % /0 P(Z(s) € ) ds,

7(H \ By (0, R)) =

1
t

1 t 5
< 7 [ 1201 as

P,(z,T")do(dz) = P,(0,1),

; /0 P(Z(s) ¢ By (0, R))ds
1 / P(|Z(s)]ly > R)ds

Then the equation (B) has at least one invariant

(Chebyshev’s inequality)

It remains to compute the expectation value E fg 1Z(s)|)? ds. By Ito’s formula, we have

IZ)l = 12l +2 | (~AZ(5) = BZ(5) + £.2(5) V1V+tzal+2z/m )i d51(5)

]EHZ(t)H?{Jr?E/O HZ(S)HQVdSZEHZ(O)HZ+2E/O <f,Z(8)>v—1,vdS+tZUf, (12)

and it follows

v (H \ By(0, R))

=1

<Z ot +IIfII5- 1) :

Thus, (7, t > 0) is tight and has a weakly convergent subsequence.

]

If i is an invariant measure and if Z(0) obeys the law of p, then (Z(t),t > 0) is a stationary process. In particular, we

have E||Z(1)[[}; = E|Z(0)}, EIZ(®)} = EIZO)[} and B f; (£, Z(5))y1y ds = tE(f, Z(0)) 1, The equality (12)

becomes

E|Z(O)ly =E(f,Z

iyt o E of,

whenever E || Z(0)||3, < oo to allow subtraction from both sides. This gives a second moment relation of j, but we first

need to check p itself has a finite second moment. Before doing so, here is a second moment estimate of solutions with

initial conditions having finite second moments.

Lemma 13 (second moment estimates of solutions). Let f € V' be constant and suppose E || Z(0)|[5, < oo. Then

E|ZOly < e ™ENZO)g + 1f5-+ Y af.

Proof. We combine (@) and Poincaré’s inequality, ||z[|3, > Ay [|z]|3,. It follows

E | Z(0)|5 + AlE/ 1Z(5) 2, ds < B ZO)% + ¢ [f2s +¢3 o

Gronwall’s inequality applies then.

1=1
[l

Theorem 14 (second moment relation of invariant measures). Let f € V! be constant. Then any invariant measure y

of the equation (B) satisfies

J el ud) = [ (f2)youy o) +

Zaz



Proof. Tt suffices to show u has a finite second moment, and the relation follows from Ito’s formula by letting Z(0) coinciding

the law of p in () Define Gg: H — R by

205 ll=lE < B
GR(Z) = )
R? H’ZHH Z R7

and we compute
[ Grontan) = [ [ Peaw)Gatwutz) (Prn=p)

_ /IZ”M /H Pz, dw)Gr(w)p(dz) + /” " /H Py(z, dw)G r(w)pu(dz)

< / - E||Z (1)l 1(dz) + Ru(H \ By (0, p)) (2(0) = = |21 < p)
2l g<p
< e+ C + Ru(H \ B(0, p)) (Lemma [13).
Let t — 400, p — 400, and it follows [, Ggr(z)p(dz) < C. Then Fatou’s lemma applies. ]

In the same manner, we can deduce a second exponential moment estimate for invariant measures if there is a moment

decay for solutions with initial conditions having finite second exponential moments.

Lemma 15 (second exponential moment estimates of solutions). Let f € V™! be constant and suppose sup, ko < /\T' If

Eexp(x || Z(0)||3,) < oo, then

E exp (K ||Z(t)||§{) < e "Eexp (K ||Z(O)||12q) +C (1 + ||f||%/_1 + Z 0l2> exp

=1

(e Yoot )|
=1
Proof. By 1t&’s formula, we have
Eexp (k|1 2(0)7) = Eexp (< 112(0)]I;)
t o] [e%¢)
+E/ rexp (k[ Z(s)|1 %) (-2 IZ()I5 +2(f Z(s))yory + 26> _ 07 (Z(s),0)y + Zaf> ds,
0 =1 1=1
and we do some estimates on the integrand. Poincaré’s inequality gives
=2[1Z(s)Ily < =2\ 1Z2(s)|[7; -
Cauchy’s inequality and Young’s inequality give

2(f, Z(8))y-1y < 2 flly-2 1Z(s)lly < Nf Il + 11 Z(s)] -

The condition sup, ko7 < 2 implies

A
203 o (Z(s), )}y < NZ0)
l

It follows from combining above that

rexp (k[1Z(s)]7) (—2 1Z() 1y +2{F, Z(8))y-ry + 26 )07 (Z(s), ) + ) 0?)

A o
< kexp (K ||Z(s)||il) <—?1 ||Z(3)||§{ + ||fH%/*1 + ZUZQ>
I=1

13



= —rexp (5]|1Z()]I%) (% 1Z () = £ = Zﬁ)

—rexp(r[|1Z(s) 7). if 3 1Z ()7 = 152 = 07 2 1

rexp[RE (L £y + 2 o)l + 3 07), i 3 1Z(s) Il = IF - = X007 <1

2K
g—nexp(wrZ()HH)mexpL <1+ufuvl+zol> <1+Hf|\2v—1+zal2>-
l

We invoke Gronwall’s inequality to complete the proof. ]

Theorem 16 (second exponential moment estimates of invariant measures). Let f € V! be constant and suppose

’\4—1. Then any invariant measure p of the equation (B) satisfies

/ exp(r |27 u(dz) < C (1 + £l + ZO’?) exp [C (1 + I+ ZU?)] :
H =1

sup, K0} <

Proof. At this time, we take Gg: H — R as

exp(r||2l7), Nzl < R,
Gr(z) =

exp(kR), ||z = R.

Apply Lemma @ and we see

/ p(dz) //PtzdeR w)p(dz)

- 4 I3 < Bexp (x|12(¢ )HH) p(dz) + exp(kR)u(H \ Bp(0, p))

< e KHRe 4 (O (1 + ||f”%/,1 + 2012> exp |C <1 + Hf”%/*l + 2012>
=1

=1
Let t — +00, p — +00, and apply Fatou’s lemma. O

+ exp(kR)u(H \ Bu(0,p)).

5 Uniqueness of Invariant Measures by Coupling Technique

In this section, we show uniqueness of invariant measures for P, by coupling techniques, which utilizes a Markov semigroup
P, on the product space H = H x H. Specifically, we consider extensions P, of P, and this means é(%, I'x H) = P,(z,1),
P,(2,H x T') = Py(2,T), for 2 = (21,2). As a convention, we add “tilde” over a symbol to indicate it is in the product
space.
Suppose Z; and Z, are weak solutions to the equaiton (B), we define the hitting time of Z = (Z;, Z;) upon a closed
subset B C H to be
7(B) := inf{t > 0, Z(t) € B}.

We equip the space Ly(H) of bounded Lipschitz functions on H with the following norm,

¢ 22

61l = 9l + sup 1242 = 9Lz
z1,20€H ||Zl - Z2||H
z15#22

9
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and accordingly, we have the dual Lipschitz distance for the probability measures on H,

[pn = p2ll, = sup  [{@, 1) — (&, p2)| -
¢ELy(H)
lloll, <1

This distance is an equivalent metric of weak convergence. Also, there is a stronger metric called total variation between

two measures,

1
”'ul - lu?”var = 5 Sup |<¢71u1> - <¢7 M2>| = sup |M1<F) - NQ(F)| :
ocCy(H) I" measurable
¢l coo <1

Theorem 17. Let (P,)>o be a Markov semigroup and let (P,)>o be an extenstion. If there exists a sequence {Bp,}°_, of

closed subsets in H satisfying the following conditions:

P:(7(Bm) < 00) =1 for all 2 € H and for all m, (recurrence)
sup sup || Pi(z1, ) — Pi(z9,)||; = 0 as m — oo, (stability)
2EBm t20

then ||Py(z1,-) — Pi(za,-)||5 — 0 ast — 400 forallZ € H. Moreover, if u is invariant, then it is unique and || Pfv — u||5 — 0
forallv € P(H).

Proof. We first show ||P,(21,-) — Pi(za,-)||; — 0 as t — +oo for all 2 € H. Let 7(m,t) = 7(B,,) At and observe

Py(2,T) = By(3,T x H) = E:P, s (Z(F(m, 1)), T x H) = E:Py_s(n.n(Z(7(m, 1)), T).
Then we have

1Pi(z1, ) = Polze, ) < Ez || Pty (Z2(7(m, 1), ) = Piosony (Za(7(m, 1), )|

< sup sup ||Pi(z1,-) — Pi(2, -)|I5 + 2P:(7(By) > t).

EEBm t20
It suffices to choose a large m and accordingly choose a large ¢.

The remaining part is to show, if x is invariant, |Pfv — u||;, — 0 for all v € P(H). Let ¢ € L, with ||¢]|, < 1.

(¢, Prv — )| = [(¢, Piv — P )|
= (B¢, v — 1)
< [ 1Pt = Rotea)l @zt
= [ o) = Pea, Dl vidan )
and Lebesgue’s dominated convergence theorem applies. ]
For our purpose in the Naver-Stokes context, we set P, to be an independent extension of FP;, namely
By(2,T1 x Ty) = P(21,11) P22, T2),

and take By, to be closed balls By (0, +).

Lemma 18 (hitting time of V-balls). Let f € V! be constant and suppose rk < %. Then there exists some R > 0 such
that the hitting time Tg := inf{t > 0, HZ(t)H _ < R} has an exponential moment,
1%

E:exp(kTr) < C(1+ H2||§{)
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Proof. By 1t&’s formula, we have

~ 2
Eze 2(s)|| ds = 1215,

- 2 3 o t 00
Z(s)Hﬁds+Eg/0 2e"s <f’Z(S)>f/—1f/d8+/O QGKSZdes.
’ =1

- 2 t
Z(t)H~ +E: / 26"
H 0

t
+Eg/ ke
0

Apply Poincaré’s and Young’s inequalities,

2

2 ~112
. 220?] as < J71E,
=1

Ezent

o

Z(t)”; 4 E. /Ot & [(1 - Aﬁl) HZ(S)

Notice k < ’\4—1 and choose R > 0 so large that

- R
£+ of <
=1
It follows
TrAN 3 1
Eg KS —R2 . _R2 d < |3 2~
A € (4 4 ) RS ||z||H7
R2
R (T 1) < 2l
" n 2/1 -2
Ege (TrAR) < 1+ ﬁ HZ“f{
Fatou’s lemma gives the result. ]

Lemma 19 (transition from V-balls to H-balls). Let f € V™! be constant and suppose o > 0 for all l. Then for any
R >0, any ball B in H,
inf Pi(%,B) > 0.

2y <R
Proof. We may assume B = Bpgy(w,p) for some w € H and p > 0, so we need to show, with a positive probability,
|Z(1) —w||; < p for Z being the solution with Z(0) = z ranging over ||z||,, < R. We first establish a controllability

property for our equations. For z € H, X € F, we denote Y (z, X)(:) by the solution of the following equation,

Y =—-AY - B(X+Y)+ f,
Y (0) = 2.

For w € V, we can define a map X,: H — C(0,1; H) N £2(0,1; V) such that

Let Z be the solution to the following,
7 =—AZ — B(Z),

Z(0) = z,

and let Z(t) = (1 — t)Z(t) + t. Then we have Z(0) = z, Z(1) = . Define X,(2) to be the solution of the following,

X=-AX+Z+AZ+B(Z) - [,

16



and we can verify Z(t) = Xy(2)(t)+Y (2, Xy (2))(t). Moreover, by a priori estimes in Proposition g, Xy is locally Lipschitz.
Next, we tansfer the comparison of the solution at time 1 with w to the one of stochastic terms X in the decompostion
Z = X +Y. Since V is dense in H, choose w € V with ||w — ||, < 5. We observe
1Z(1) =l = [ X(1) + V(1) = Xy (2)(1) = Y (2, Xo(2)) (D]l
< [ X(1) = Xa(z) (Wl + 1Y (1) =Y (2, Xa(2) (D)l 4

< CIX = Xo(2)lcamnezo0y . for |zl < R

It follows

A p p
P (12(1) = wlly < p) 2 B (I12(0) = 0l < £) = P (I1X = Xa@llogoumnezonn) < 56)

The condition ¢7 > 0 implies the law of X is supported in the whole space C(0,1; H) N £2(0,1; V), so the RHS of the

above is positive. Note By (0, R) is compact in H, and we obtain

. ) P
inf P, (||Z(1) —wl, <p)> inf IP’(X—XLDZ . 2001 <—>>0.
i (12(1) —wlly < p) ot | Olleoumnezoimn) < 56

O

Proposition 20 (recurrence of NS equations). Let f € V=1 be constant, let 7, = %(ém), and suppose o > 0 for all I.

For any m, there exists some k > 0 such that
E: exp(r7n) < C(1+||2][7)-
Proof. We define two sequences ,{7).}, {1}, of stopping times by
=0, T = inf{t >T 41, HZ(t)HV < R} . T, =T, +1.
By Lemma @, we can choose R > 0 such that 7], < oo a.s. Now observe
P: (T > M) =Ps(7, > M, T,, < M) + Ps(7,, > M, T,, > M) < Ps(7, > Ty,) + P:(T,, > M).

On the one hand,

where p,, = inf. <r P1(2, By) > 0 as shown in Lemma . On the other hand,
P:(T, > M) < e "MEze"™ (k> 0)
_ e_”(M_l)Ege“Té
— efn(Mfl)Eg (eKTn_lEZ(TT/HI)eIﬂH)
< e "M-UE o Tt . e®C(1 4+ R?) (Lemma @)

<...< Cn71<1 + R2>nflefﬁ(M7n)]Ege/{T1’
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< CM(1+ B2 le M 4 121).
We choose n ~ e M for € > 0 small enough, and then with smaller x > 0 than before,

Ps (i > M) < Ce™M (1 + ||2]|%).

This completes the proof. O

Lemma 21 (energy growth estimate). Let f € V™! be constant, let k = zm??) and suppose B || Z(0)||3, < oo. Then for
l

any p >0,

< e FP

t 00
P ligg <||Z<t>||z s [ N2 ds =3 o~ 2 ||f|rV1> = |1 ZO)5 +
= 0 =1
Proof. Tt follows from It&’s formula that
2 ' 2 2 ! 2 ! =
12+ [ 126 ds = 1200~ [ 12O ds+2 [ (1260 ds+e3of + M
0 0 0 =
where M, is a martingale given by
00 t
M, = QZO'Z/ (Z(s),v) g dBi(s).
=1 0

Then we give a bound to its quadratic variation,

00 t

(M) =430 [ (205) )3y s

=1
4 2 t
% / 1Z(s)|13 ds (Poincaré’s inequality)

1 0
L[z a
= — s S.
K Jo v

This implies

21+ [ 126 s - 1300t = 1200+ M- gria+ (500, = [ 1200 as+2 [ (7.260),a5).

1
< 1Z(0)|13, + M, — 3k (M), +2t | fll,- (Young’s inequality),

t 0 1
HZ(t)Hiﬁ/O 1Z(s)I[y ds =Y o7 =2ty < 12017 + M, — S (M), .
=1

Notice that exp(kM; — %/{2 (M),) is a supermartingale, so Doob’s inequality gives

t o0
P ligg <Hz<t>uz+ |1z as =13 ot —2t|!f||v—1) > 12O+

=1

1
<P {sup exp (FLMt — —g? <M>t) > e“p} < e P,

>0 2

]

Lemma 22 (Foiag-Prodi estimate). Let f € L2 (0,00; V1), let Py: H — Hj, = span{uy, ..., ux} be the projection, and

loc

suppose Z € C(0,00; H) N L3 .(0,00; V) is the solution of a deterministic equaiton, such that

t
/ HZ(S)H%/dS <p+ Mt forallt>0.
0

18



Then there exist k, A such that the solution W € C(0,00; H) N L2

loc

(0,00; V') of the following equation

W =—AW — B(W) = AP,(W — Z) + f
W0)=weH
satisfies

IW@t) = Z@#)|y <e ™ |w—z|,; forallt>0.

Proof. We compute

S W = 2+ IW = ZI + MV = 2)[, = W(Z, Z,W = 2) = bW, W, W - 2)
— WW —Z,Z,W — 2)
<|W=Z|[ 2l W = Z]| za
< W = ZIy IW ~ Z0, 2], (interpolation)
< % W= Z|2+CIW=ZI% 2|5  (Young’s inequality)

SN = 20+ W~ 2+ X NP~ 2)IE, < O I - 21 1217
Note that ||z||3, > A2, [|[(I — Py)z||3;, so we have
S = 2+ (minf2n, ¥} - O 1218 W - 2] <o
Choose A and k sufficiently large so that min{2A, A\, ,} — CM > 2, and it follows

W) = ZW)llg < llw = 2] 5 exp(=t + Cp).

Theorem 23 (stability of NS equations). Let f € V™! be constant, and suppose o} > 0 for all l. As m — oo,

sup sup ||Py(z1,-) — Pi(22,-)||, = 0.
z2€B,, 120

Proof. Let Z1, Z5 be the solutions starting from z; € B,,, 22 = 0 respectively, and we may assume the Stokes operator A
and the covariance operator () have identical eigenvectors. By Lemma @, for any ¢ > 0, there are some M > 0 and some

pe > 0 such that
t
P <||Z2(t)||§{ +/ | Za()II% < po + Mt forall t > 0) S
0

We denote this event by I'., and let Z3 be the solution of the following equation.

Zg — _AZ3 — B(Zg) — )\Pk(Zg — ZQ) + f + WQ’
Z3(0) = z1.

By Lemma @, there exist some A > 0 and some k € Z, such that

1Z5(t) — Zo(t) || g < €77 ||zl sup 1Z5(t) — Zo(t)|| iy < €“% ||z1ll;  on T
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If ¢: C(0,00; H) — R is bounded Lipschitz with ||¢[|, < 1, then
[E(6(Z3) — 9(Z2))| < 2B(IE) e |z < 22 4 €%
Choose € = m~*/2¢supio? and the right hand side converges to zero. This means
sup ||[Law(Z3) — Law(Zy)|; — 0 as m — oo,

z21€Bm

and it remains to show sup, .p ||Law(Z3) — Law(Z;)||; — 0.

We may assume Q2 = C'(0,00; H), and define a Girsanov transform & by
t
O(w) = w(t) — / a(s)ds, a(t) := APy(Z3(t) — Z(1)).
0
However, this process a may not satisfy Novikov’s condition, so we modify it to be
at) == a(t)I{|| Zs(s) — Za(s)|| 5y < e 5O ||21|| for all s € [0,1]}.

Then @ = a on the event T'., and ®: w(t) — w(t) — fg a(s)ds is admissible to Girsanov’s theorem. Define an exponential

martingale as below,
k t 1 k t
1. 2 4 2
M, := exp (Z/O oyt (a(s),u;) g dBs(s) — 52/0 ;% (a(s), u;) dS) :
j=1 Jj=1
and it converges to some M, in the £!-space. Girsanov’s theorem then gives

var

HP—@(P)

=P M|

1
< -E My — 1]
2

1

< S(EM
2

1
< Slexp(Ce |21 ]5) — 112

_ 1)1/2

Now observe

[Law(Zs) — Law(Zs) o = [1(Z8)+(P) = (Z2)+(P)| o
= [[(Z2 0 ©).(P) — (Z2)+(PP)

Hvar

< [|2.(P) — P|

var

< HQD*(IP’) )

n H(i)*(IP’) _Pp

var

1 1
<2P(T.) + §[exp(C’eC"sﬁ) —1)?

1
< 26 + CePPe—. (choose € = m /20 supy ‘712)
m
The last term converges to zero as m — oo, and this completes the proof. O
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A If z € H', How to Find p Such That z = grad p?

In this section, we will define a distribution p acting on ¢ € C§°(D;R) and check z = grad p in distribution. It follows then
p € H'(D;R) from z € L*(D;R?).

At the moment, we only have z in our hands, so we can define p by

p(Q) = <27F(Q)>£2? qe CSO(D;R)>

where F: C°(D;R) — C5°(D;R?) is a map to be determined later. Assume z = gradp in distribution and, for any
w € C5°(D;R?), we have
(z,w) > = (grad p)(w) = —p(divw) = = (z, F(divw)) 2 .

This means F(divw) = —w and is a partial definition of F. Namely, for ¢ € C5°(D;R), if ¢ = div w for some w € C§°(D;R?)
then F(q) = —w. But what about other functions that are NOT a divergence of some vector field? It is natural to decompose
q € C§°(D;R) as the following

g=divw + f,

and define F(q) = —w. To obtain a characterization of f, we further require the two components, divw and f, are

orthogonal. This results in Vf = 0 and f is a constant. Notice

/ qd¢ = / divw d€ + Area(D) f = Area(D) f,
D D

so we have f = [ qd&/Area(D). However, this f ¢ C5°(D;R) in general and a modification is needed here.

Let r € C3°(D;R) with [, 7d¢ = 1 replacing the factor ﬁ(D)' That is, we modify f to be f = r [, ¢d¢ and hope

every ¢ € C§°(D;R) admits the following decomposition.
q= divw+r/ qdé&.
D
Although f =17 | 1 qd€ is NOT orthogonal to divw, at least, the integrals of both sides are equal.
Lemma 24. For any r € C3°(D;R) with [, rd¢ =1, and for any q € C§°(D;R), there exists w € C5°(D;R?) such that
q= divw—i—r/ qdé&.
D

Proof. We first consider a baby case where D = (ay,b1) X (ag,b2) is a rectangle. Let g = ¢ —r [, ¢d€ and we want to find

some w € C§°(D;R?) such that divw = g. Explicit formulas are given by

51 b1 bo

w1(€17€2) = / |:g(t7§2) _/ 9(81752) dsl/ T(ta 32) d82:| dta
&2 b1 ba

wo(&1,82) = / g(s1,t)ds / (&1, 52) dsy dt.

Actually, we can compute

9 b
an =9(&, &) — / 9(81752)0151/ (&1, 82) dsg,
851 az
ba
2—22:/ 81,52 d81 /a2 T(§1,82)d32~
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The next step is to glue two overlapping domains. If the decomposition holds in two domains, say D; and D, and if
D1 N Dy # 0, then we show the decomposition holds in D; U Dy. Notice supp(q) U supp(r) C Dy U Dy and we let {¢), €
Cs°(Dy; R)}2_, be a partition of unity on supp(q) U supp(r) subordinate to { Dy }s_,. Also, choose a ¢ € C5°(Dy N Dy; R)
with fD 1 d¢ = 1. Then there are wy, wy, w3, ws € C§°(D;R?) such that

Q¢1=din1+¢/Q¢1d57 Q¢2=diV7~U2+¢/CI¢2d§,

D D

rér = divws + 9 / ré de, rés — div s + 0 / rs d.
D D

Adding each row up gives ¢ = div(wy +ws) + ¢ [, ¢d&, r = div(ws 4+ wy) + ¢, and hence

g = div [wl + wy — (ws +w4)/ qd§] +r/ qd&.
D D
The general case follows from the fact that supp(q) Usupp(r) admits a finite open cover { Ry }}_; of rectangles in D. [

The function w € C5°(D;R?) in the decomposition of ¢ € C§°(D;R) is NOT unique, so F(q) = —w is NOT well-defined.
But we can still define p as a distribution by first fixing some r € C5°(D;R) with [, rd¢ = 1 and by

p(q) == —(z,w) 2, qE€ C?(D;R),q:divw—f—r/ qdé,w € C°(D; R?).
D

We can check p is well-defined. Suppose ¢ = divw;+7r fD qd¢é = divwy+r fD qd¢ with wy, wy € C§°(D;R?) and this means
w1 —wy € C§Yi—o- It follows (z, w1 — ws) z» = 0 from the condition z € H, so p is well-defined. Now take w € C§°(D;R?)
and we see

(grad p)(w) = —p(divw) = (z,w) 2 .

Thus, z = grad p in distribution.
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B If z € £%(D;R?) and divz € £*(D;R), How to Define z - n|yp?
Denote H}, := {z € £L2(D;R?)|divz € L2(D;R)}, and H}, is a Hilbert space with an inner product defined by

(z, w)Hé‘ = (2, w) 2 + (div z,divw) . .

In this section, we will give a meaning to z - n|gp for any z € HJ, .
Before the rigorous statement, we consider a special case. For z € C®(D;R?), the term z - n|yp is well-defined and it

gives the normal component of z on the boundary. Furthermore, Stokes’ formula applies to z € C*(D;R?), namely

/8D(Z -n)pdo(§) = /Ddiv(pz) d¢ = /Dz(gradp) d¢ + /D(div z)pdé  for all p € C*°(D;R).

So a new definition of z - n|sp should be consistent with the smooth case in the above sense. Let’s recall a similar
situation arises when we try to assign a meaning to p|sp for p € H'(D;R), and a solution is given by a trace operator

Thaa : HY(D;R) — HY2(0D;R) which coincides with the smooth case and which preserves Stokes’ formula.

ded(p) = p’BD fOI‘ all P € COO(D,R),
(Thaa(p), 2 - M|op) 2 = (p,div 2) p2 + (grad p,z) ., for all z € C°(D;R?).
Here, the subscript “bdd” is an abbreviation of “boundary” to indicate the operator Ti4q extracts boundary information.
Also, Tpqq has a continuous right inverse lqq: H/?(0D;R) — H'(D;R), where the alphabet “I” suggests the map is a
lifting from boundary to the whole domain. For more on trace operators and more general trace theorems, see Section 1.8

of [3]. Likewise, we can define an operator T, from H}; to some space and this operator extracts the normal component

of each z € H}, on the boundary. The subscript “nor” surely stands for “normal component”.
Theorem 25. There exists a linear continuous map Ther: HY, — H~Y2(0D;R) satisfying
Toor(2) = 2 -ml|op  for all z € C=(D;R?),
(Thor(2), Thaa(p)) = (z,gradp) 2 + (div z,p) >  forallp € H'(D;R).

Proof. Take z € H}, , directly define T}, (2) € H~Y/2(0D;R) by

Toor(2): HY2(OD;R) 3 ¢ = (2, grad p) s> + (div 2,p) . for some p € H*(D;R) with p|ap = ¢
We need to verify this definition is independent of p. Let py,p» € H'(D;R) and pilop = p2lop = ¢. Then we have
p1 — p2 € HY(D;R) and
(2, grad(pr = p2)) ez + (div 2,p1 = pa) 2 = 0,
80 Thor(z) is well-defined. Linearity is obvious and continuity follows from Cauchy’s inequality and from continuity of the
hftlng lbdd . H1/2(8D; R) — Hl (D, R) of ded'
T @) < I2lgy Il < Cllelly Nole = 1Tl llgove < Cllzlly -

To show Tyor(2) = 2 - nlsp for all z € C(D;R?), we just observe, for p € C*°(D;R),

Toon(2) (Plo) = /D divipz)dé = | (z-m)pdo(€),

oD

and note the image of C*°(D;R) under Tiqq is dense in H/2(0D;R). O
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Even we may ask whether T, is surjective, and whether there is a continuous right inverse, say l,or, of Thor. Take an
arbitrary ¢ € H~Y/2(9D;R), and we want to find some z € H} such that 2 - n|sp = ¢. Roughly speaking, we can solve
the following Poisson equation,

Ap=0
=
and letting “z = grad p” serves our purpose. However, the above Poisson equation has a solution if and only if (¢, 1) = 0,

which means a general ¢ does NOT guarantee a solution p. To tackle this issue, we modify the boundary value condition

to be
o _y oD
on Length(0D)’
and solve for p € H'(D;R). Choose some w € C*°(D;R?) such that w - n|sp = 1 and let
(¢.1)
—gradp+ — 204,
Z=gradp Length(0D)

We can check z € HY and z - n|sp = ¢. Moreover, 2 continuously depends on ¢ and a right inverse [, exists.
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C Regularity of Steady-State Stokes Equations

This part discusses the regularity problem for steady-state Stokes equations. We first establish local regularity and then
up to the boundary.
Now, discard the boundary condtion temporarily and consider the following equation with a general divergence condi-

tion.

—Az+gradp=f in D,
(13)
divz=g¢g in D.

We can derive local regularity for z and p from more regular f, g.

Theorem 26 (local regularity). Let f € L2(D;R?) and g € H'(D;R). If (z,p) € H'(D;R?) x L*(D;R) is a solution of
), then (z,p) € H2.(D;R?) x HL_(D;R). Moreover, for any open set D' with D' C D, there exists a constant C(D’)
such that

HZHH2(D/) + HPHHl(D/) <C <Hf”[12(D) + HgHHl(D) + HZHHl(D) + HpH£2(D)> :

x HL

loc

Proof. Notice that (z,p) € HZ

loc

if and only if (rz,rp) € H? x H! for any r € C{°(D; R). Let Z = rz and p = rp.

Then we compute

—AZ+gradp=rf — (Ar)z — 2(gradr) - grad z + p(gradr) =: f in D,
divZ=rg+ (gradr)-z=:g in D,

and obtain f € L%(D), g € H'(D). More precisely, we have

|7

sy < CO () + 1l o) + Pl

18025y < C) (M9l oy + 1l -

For n € R?, define a difference operator 4, by

(0y2)(&) = 2(§ +n) — 2(),
and it acts on both sides of the equation of (Z,p) for sufficiently small 7.
—AJ,Z + grad 6,p = 5,7f in D,
divé,z = 90,9 in D,
1

To show Z € H?, it suffices to show Tl grad 6, Z is bounded in £2. Actually, it follows from the above equation that

|grad 5175’\22(17) = (On, 5n§>£2(D) * <577f’ 5”2>H—1(D) H'(D)
o, f

o f

R L Py

)H_I(D) <H5n2|]£2(,3) + ngadén,%HLQ(D)) .

< 1008l 22 (py 110031l 22y +

= ||5n13”£2(D) H677§H£2(D) +

Since ||0, 2] gr-1 < 0| ||2|| g« for all z € H* and for all k > 0 (see Appendix @), this gives

j

~112 ~ ~ 2 ~ r ~
lixad 8,132 ) < 1838l oy Wl 18y + 0| .y WElm oy -1l || ], a2y
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It remains to give an upper bound for ||d,p]| . (p)- By Necas inequality (see Appendix @),

H(SnﬁH@(D) <C (H%ﬁHHA(D) + ||lgrad 517]5”1171(17))
< 0 (Wl +[07] 18200

<C <‘77| 120l 22y + Il HfH£2(D) + [lgrad 5772H£2(D)) .

.

Apply Young’s inequality and we derive

||grad57,2||£2(D) < Clnl (HJF‘

gy T 180y + 1y + ||p||£2w)) |

15,51y <l (7], 1810+ Wl + 1Pl )

This completes the proof if we take r =1 on D’. ]

C.1 Approximate weak derivatives by difference quotients

In calculus, if difference quotients of a function have a limit, then this limit is the derivative of this function. In Sobolev
spaces, likewise, existence of the weak derivative of a function can be deduced from bounded difference quotients. This

provides an approach to regularity promotion by estimating difference quotients.

Proposition 27. Suppose z € H*"Y(R?), k > 0. Then

1
sup — [|0,z]| g1 <00 = z€ H"
0<|n|<1 ‘77‘

Proof. 1f ﬁdnz is bounded in H*~! for small ), then there exists a sequence {h, } C (0, 1) decreasing to 0 such that

1 1
h_5hne12 — 21, h—5hne22 — z3, both weakly in HF 1

Indeed, z; and 2y are weak derivatives of z, since ,%%MZ — 0,2z, 1 = 1,2, in distribution.
If z € H*, then there is a sequence {z.} C Cg° such that z. — z in H* as € — 0. By passing to limit, we may assume

z itself is in C§°.
onz(§) = 2(E+1n) — 2(§)
1
= / n - grad z(§ 4+ hn) dh

0

1
I6y2llss < [ Il lrad o+ )]s
0

= [nl [lgrad z[| i

< [l {I2[] -

C.2 Necas inequality
Basically, Necéas inequality promotes regularity from H~! to £2, and we prove it in this subsection.
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Let x(D) :={z € H'(D),gradz € H'(D)} and x(D) has a norm defined by

12l (py = 20151 (o) + llgrad 2[[ -1 (p) -
We show x(D) is actually £*(D) with a norm bound.

Proposition 28 (Necas inequality). There is a constant C > 0 such that
I2llezoy < Clellypy  for all 2 € £3(D),

Proof. Step 1. D = R? is the whole plane. We can use Fourier transform to see

Il = [ 12O dc
- [ oracs [ 15 porac

= HZHH*l(D) + ngadZ”H*l(D)

Step 2. D = ]Ri is the upper half-plane. To apply the result in Step 1, we need an extension operator from ]Ri to R?

and, conversely, a restriction operator from R* to R?. Define P: £?(R3) — £?(IR?) by zero extension,

2(€), €eR?,

0, E¢R3.

(2(6),6 €RY)

Then P is linear bounded and also maps Hj(R?%) into H'(R?). Its dual map P*: £*(R?) — L*(R?), or P*: H'(R?) —
H~'(R?}), is a restriction, 2 — z|gz. To construct an extension from y(R}) to x(R?), we begin with the other direction.

Define Q: H*(R?) — H(R2) by

2(8,6) = 2(6,&) — Mz(&r, —&) — Aez(&1, —282),

with 1 —A; — Xy = 0. Then @ is linear bounded and @Q*: H '(R3) — H '(R?). It follows QP = Idp; g2 and, hence,
P*Q* = IdH—l(R%r), P*Q*|X(Ri) = Idx(Ri)' We hope the values of Aj, Ay should guarantee Q*|X(Ri) maps into y(R?), and a
specific constraint is to be determined later. In other words, we need to find proper A;, Ay such that grad(Q*z) € H~*(R?)
if z € x(R2). For z € x(R?) and for w € H*(R?),

(06,Q" 2, w>H—1(R2),H1(R2) =— (@ ag1w>H—1(R2)JL11(1R2)
= —(z, Qa§1w>H*1(Ri),Hé(Ri)
= = (2,05 Qu) g1 (g2 ) ma2)
= (Og, 2, Qw> L(R2),H}(R2)

<852Q*Z7w>H—1(R2),H1(R2) - <Q*'Z’a§2w>H—1(R2),H1(R2)
= — (2, QO w) ;- L(R2),HE (R2)

= {2, 0, Rw) 1) i e2 )

R:w(&1, &) = w(é, &) + Mw(&r, —&) + %)\211)(51, —26,)
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= <85227 R'LU>H_1(]R3L)7H&(RQ+)

1

Thus, we obtain Ay = =3, A2 =4 and Q| g2): x(R%) — x(IR?) is linear bounded. By Step 1, we have Q*z € £L*(R?) and
1Q"2[| p2(rey < C Q2 (m2) < C |2l (me)- Notice z = P*Q"z, so it gives

2l 22y = 1P Q2] couzy < Q72 2ey < Cll2ll ooy -

Step 3. In a general case, D admits a finite covering of open balls. Note each ball is contained in some half-plane, and

we resort to a partiton of unity subordinate to this covering. ]
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D A Proof of £L>(0,T; H) N Cy (0, T; V1) = Cyi (0, T; H)

The proof here is for completeness of the proof of Propostion B
Suppose z € L>(0,T; H) N Cyu (0, T; V1), Then t — ||2(¢)]|,; is essentially bounded, that is, z(t) € H for almost all
t € [0, T]. We first need to show z(t) € H for all t € [0,T]. Extend z by reflection to a map defined on R, which facilitates

analysis of its convolutions with approximate identity. Let {p,} be a sequence of approximate identity and we have

H@n*@@mHSiép“t_sﬂvmedsSCWﬂhw@ﬂM'

Thus, fix ¢t € [0,7] and there exists a subsequence {(p,, * 2)(t)} weakly converging in H to some Z(t) € H. At the same
time, z € Cyi (0, T; V') implies the sequence {(pn, *x2)(t)} weakly converges in V! to z(t). More precisely, for any w € V,

since t — (z(t), w)y 1, is continuous,

(P % 2) (£ )y = / Pt = 8) (2(5), W1y ds = ((8), whyory a5 oo,

It follows from uniqueness of weak limit in V! that z(¢t) = 2(¢t) € H and z is H-valued everywhere. Then we need to
show z is weakly continuous in H. Let {t,,} C [0,7] be a sequence convergent to t. Then {z(¢,,)} is bounded in H and
a subsequence {z(t,,,)} weakly convergent in H to some Z € H. Actually, {z(tn,)} weakly converges in V' to z(t), so
Z = z(t) is the unique weakly accumulation point of {z(¢,,)} in H.

Let z € Cyi(0,T; H) and this z is just a map from [0, 7] to H without any measurability information. We need to show
2z is measurable w.r.t. the o-algebra generated by the strong topology of H. Recall a closed ball By (x,r) in H is weakly
closed and this is due to the following equality,

Bu(z,r)= () {weH|{w—zy),l <r}.

Hy”H:1

Since z is continuous w.r.t. the weak topology of H, it follows z~1(Bg(x,7)) is a closed subset of [0,7]. We can write an
open ball By(z,r) in H, by separability, as a countable union of closed balls. Hence, the pre-image of By (z,r) under z is
measurable. The statement z € Cy (0, T; V1) is trivial and it remains to show z € £°(0,T; H). The uniform boundedness
principle (Banach-Steinhaus theorem) directly applies. To be concrete, for any w € H, we see the map t — (z(t), w) is
bounded, which means {(z(t), ) ;; }+cjo,r] is pointwise bounded. Then we pass boundedness to {z(t)}+cjo,r1, so ||2()||; < C

for all ¢t € [0,T7.
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